A wind-tunnel model was developed to study the two-dimensional turbulent boundary layer in adverse and favourable pressure gradients with out the effects of streamwise surface curvature. Experiments were performed at Mach 4 with an adiabatic wall, and mean flow measurements within the boundary layer were obtained. The data, when viewed in the velocity transformation suggested by Van Driest, show good general agreement with the composite boundary-layer profile developed for the low-speed turbulent boundary layer. Moreover, the pressure gradient parameter suggested by Alber & Coats was found to correlate the data with low-speed results.
Introduction
There is a considerable body of experimental data dealing with the effect of both adverse and favourable pressure gradients on the low-speed turbulent boundary layer. The majority of the data taken prior to August 1968 has been meticulously analysed by Coles & Hirst (1969) . The result of this study is that with some notable exceptions (e.g. the experiments of Bradshaw & Ferriss (1965) and Stratford (1959) ) the data are well represented by experimentally defined 'laws', i.e. the law of the wall, and the velocity defect law. Both of these are contained within the composite boundary-layer profile used by Coles (1956): where V, = (~, / p ) $ is the friction velocity, Y is the kinematic viscosity, K is the von K&rm&n constant = 0.41,ii is the wake strength, W(y/6) is the wake function, and 6 is the local boundary-layer thickness. Further, although the data show considerable scatter, the wake strength parameter ii appears to be reasonably correlated with Clauser's (1 956) equilibrium pressure gradient parameter / 3 = (&*/T,) (dp/dx), indicating that most of the data represent a state of local equilibrium and are not strongly dependent on their upstream history.
The purpose of this paper is to describe an experimental investigation concerned with the effect of pressure gradient on the character and development
Experimental procedure
The major requirements which were defined for the experiment are as follows. (i) The effects of compressibility must be identifiable.
(ii) The boundary layer must be effectively two-dimensional.
(iii) The effect of streamwise surface curvature must be eliminated. (iv) The study must include the effects of both favourable and adverse pressure gradients.
(v) Redundant measurements must permit checking the self-consistency of the data.
The effects of compressibility are, of course, primarily a, function of Mach number and hence the larger the Mach number, the greater the effects. Unfortunately, in existing continuous-flow facilities the maximum unit Reynolds number decreases as the Mach number increases; because of the necessity for a high Reynolds number for any turbulence experiment, a compromise was made and the experiment conducted at the intermediate Mach number of 4.0. The experiments were performed in the 40 x 40 in. supersonic wind tunnel A of the von K&rm&n Gas Dynamics Facility a t the Arnold Engineering Development Centre, Arnold Air Force Station, Tennessee. The majority of the measurements were made a t Mach 4 and at a free-stream unit Reynolds number of 0.50 x lo6 in-l. A wind-tunnel model (figure 1) was developed for the test which produced, as closely as is believed possible, an idealized two-dimensional turbulent boundary layer. The model consists basically of two parts: an outer shell and an inner pressure generating body. The outer shell is a hollow cylinder with an inside diameter of 20in. and a length of 50in. The boundary layer under study was formed on the inner surface of this outer shell. This geometry has several advantages. First, the problem of end effects associated with planar models of necessarily finite width is eliminated. Further, the large constant radius (8/rw 5 0.07) minimized the effects associated with axial symmetry and eliminated those associated with streamwise surface curvature. Finally, by utilizing different inner body configurations the boundary layer could be subjected to various pressure distributions.
The measurements consist of skin friction (Stanton tube measurements), wall temperature, wall pressure, Pitot pressure, total temperature and static pressure surveys across the boundary layer. Complete results are presented here for one configuration which resulted in the strongest adverse pressure gradients investigated. Constant pressure or ' flat plate ' data are shownfor overall comparison.
Data reduction procedure
The Pitot pressure data and the measured wall pressure a t a given survey location were used to calculate the Mach number profile M ( y ) across the boundary layer. Static pressure measurements and the edge Pitot pressure were used to verify that the static pressure was constant (within 5 10 yo) across the boundary layer. The velocity profile was then computed from M(y) and the total temperature measurements, T,(y). These latter measurements, although they had little effect on the resultant velocity profile since (TTe-T,)/TT, z 0.08, did appear to extrapolate to the wall temperature and, within experimental accuracy, verified the Crocco relation I n the above, T, is the wall temperature and the subscript e refers to values at the edge of the boundary layer.
The integral properties at each survey station (e.g. momentum thickness 0) have all been evaluated in a straightforward manner by using the experimental data, with the exception of the contribution to these integrals from the sublayer. This has been included by using Coles's (1953) tabulated sublayer function for the region 0 < y UJv, < 50 and is expressed as
The evaluation of U, along with the relation between the transformed velocity U* and the physical velocity U is described in the next section. The contribution of the sublayer to the integral properties was generally quite small, but the authors considered the use of a sublayer function to be more consistent than truncating or otherwise approximating the integrals.
In order to evaluate the local pressure gradient dpldx, necessary for certain comparisons to be made, the authors selected analytical expressions for the edge 
Experimental results

Projile interpretation
Quite early in the analysis of the data it became clear that, in order to extract the maximum available information, some method which could distinguish the effects of pressure gradient from the concurrent effects of varying Mach number and Reynolds number would have to be devised. The results of what are generally classified as transformations of the compressible flow equations to an equivalent low-speed form (e.g. the work of Baronti & Libby (1966) and the general approach taken by Coles (1962) along with the extension to non-constant pressure flows by Lewis, Kubota & Webb (1970) ) have not been entirely successful in delineating the effects of Mach number and/or pressure gradient. Using the formulation of VanDriest (1951), Maise &McDonald (1967) were able to show that the effects of compressibility were well described for the special case of the adiabatic flat plate boundary layer; this formulation was followed in analysing the present data.
The first attempts a t applying this approach to the data were encouraging although some inconsistencies were noted. Since the original skin friction estimates were made using Stanton tubes, it was not clear whether these inconsistencies were caused by an inadequate velocity transformation or by the skin friction measurements.
I n order to test the validity of the velocity transformation, the authors adopted an approach similar to that developed by Coles & Hirst (1969) . Basically, this involves invoking a composite velocity profile assuming that the effects of compressibility are suitably accounted for through Van Driest's transformation. This is exmessed as where U* is the Van Driest velocity transformation given by
The function f appearing in (4) was taken as ( 1 /~) In (yU,/v,) + C ( K = 0-41 and C = 5.0) for yU,jvw > 50. The 'wake function' W(yj6) was taken as 2sin2(vy/2S), exactly as in the low-speed case.
The above equations were then compared with the experimental profile data and the two parameters U,/q and 6 varied until a 'best' fit (in the leastmean-squares sense) was determined. The remaining parameter, #, appearing in (4) is not independent since at the outer edge of the boundary layer y = 8 and U = V, and thus, 2ii 7J:
I n performing this fitting operation, the authors followed the procedure given by Coles & Hirst. For example, data points very close to the wall were not used, by limiting the fitting region to y > 50vw/U, on the grounds that the function is correct but the data is not. Similarly, points near the outer edge of the boundary layer were also excluded on the basis that the data is correct but that the function is not. However, unlike Coles, who chose to select the value of y/S above which data were excluded (usually taken as 0.9 but varied depending upon the circumstances to 0.75 or less), we have chosen to exclude those data points for which l21q 2 0.98. This approximation accomplished much the same end results but invoIves a less subjective bias. 4.2. General reswlts I n order t o justify the procedure described above, the values of wall-shear stress thus obtained were compared to the Stanton tube measurements in figure 3 (where Ap = pst-pw and h is the Stanton tube height) along with the results of a number of previous Stanton tube calibrations. The values for wall shear stress inferred from the velocity profiles are seen to be consistent with the Stanton tube measurements. Furthermore, the skin friction coefficients inferred from the 'flat plate ' profiles deviated by less than 5 yo from a theoretical predictionf at the same Mach number and Reynolds number based on the momentum thickness. t This theoretical prediction was taken from Hopkins & Inouye (1971) and uses the 'Van Driest 11' formulation, which appears to give the best agreement with previous flat plate compressible data. It should be pointed out that this formulation uses a different mixing length expression from the velocity transformation described herein. However, no inconsistency results since this theory has been used solely for computing the flat plate skin friction. The calculated values of fi for the 'flat plate ' data also give evidence in fa,vour of the fitting procedure described. All of these values were in the range which is virtually the same as the range found for incompressible flows. This result should be contrasted with the result of the aforementioned transformation theories (e.g. Baronti & Libby 1966) which indicate that the 'flat plate' value of ii is a strong function of Mach number.
The development of the boundary layer when subjected to the edge Mach number distribution of figure 2 is shown in figure 4. It is evident that the development of the quantities S, Re, and C, , is significantly enhanced or diminished by the adverse pressure gradient (13.5in. < x < 18.5in.) and the favourable pressure gradient (18.5in. < x < 26.5in.). It should be pointed out that 6, as shown here, is the value obtained from the aforementioned reduction procedure as opposed to a commonly made choice corresponding to U/Ue = 0.995. This latter definition gives values about 10 % lower than those indicated.
The values of the wake strength 77 and the pressure gradient parameter PK = (S%/7J (dp/dx) are shown in figures 5(a) and (b), respectively. Othor possible parameters describing the 'strength ' of the pressure gradient (such as The agreement between the data and the law of the wall is seen to be quite good.
The wake functions W(y/6) for these profiles are shown in figures 8 (a) and 8 (b) for the adverse and favourable pressure gradients respectively. Also shown is the commonly accepted analytical form of the wake function mentioned previously. Note the excellent correspondence between the data and the functional form for the adverse pressure gradient region. On the other hand, the favourable pressure gradient region does show substantial deviations from the accepted form which will be discussed later.
Right-hand side of equation (7) FIGURE 6. Momentum balance. --, line of perfect agreement ; , 15 yo error limits ; x present results.
Correlation with low-speed data
Adverse pressure gradient
A normalized local skin friction coefficient is plotted against the pressure gradient parameter pK in figure 9 . Here, an attempt has been made to eliminate the dependence on Mach number and Reynolds number by normalizing with the theoretical flat plate value corresponding to the same value of Me and Re,. This theoretical value was computed using the procedure given in Hopkins & Inouye (197 1). Also shown is similarly normalized low-speed data given by Coles & Hirst. As can be seen, the comparison between the high-speed and the low-speed data is quite good for pK 2 0.
The values of fi have been plotted against Px in figure lo,? again including low-speed data. The low-speed data exhibit large scatter but nevertheless a general trend is apparent. The high-speed data exhibit the same trend for the adverse pressure region and moreover are well within the low-speed scatter.
(In view of the fact that /? is roughly twice as large as PRY the use of / 3 would not give as good a correlation with the low-speed data.)
t The correlations for both fl and G (figure 11) would be even better if the estimate of the pressure gradient at z = 13 and 18 in. were reduced. While the authors feel that their true values are indeed lower than that derived from the analytic expression, this modification has been omitted. as is shown in figure 11 . I n fact, both the low-and high-speed data show fair agreement with the low-speed theoretical result of Mellor & Gibson (1966) indicated by the solid line. There are two important conclusions to be drawn at this point based on the previous discussions. The first is that the boundary layer is in approximate local equilibrium throughout the adverse pressure gradient region. By local equilibrium it is meant that the entire boundary-layer profile is characterized by local conditions only (i.e. C,, PK, Me, 6 and T,/T,). The upstream history of the boundary layer and the fact that PK is not constant do not have an appreciable effect. The second conclusion is that correspondence between high-speed and low-speed flows has been established based on the pressure gradient parameter I n order to demonstrate both the above conclusions somewhat more clearly, P K . figure 12 shows the velocity profiles plotted in Clauser's defect form
Favourable pressure gradient
The adverse pressure gradient data have been shown to be well represented by a local equilibrium concept. The results for the favourable pressure gradient are more accurately described as a relaxation to an equilibrium state. As was shown in figure 2 , the boundary layer was subjected to a strong negative pressure gradient beginning at x = 18.5 in. The resulting boundary-layer development shows a number of interesting overall features. While the boundary-layer thickness increased by nearly a factor of 5 over a distance of gin., Re, was almost invariant. Further, a check on the mass balance shows that the edge of the boundary layer is approximately a streamline, which is a result of a marked reduction in the turbulent entrainmentt.
The velocity profiles are characterized by an extended law-of-the-wall region and a virtual invariance of thickness in terms of the wall co-ordinate U,Slvw.
The px = -0.5 experiment of Herring & Norbury (1967) shows a similar behaviour with the fortuitous result that U,S/vw = 2500 characterizes both experiments. By far the largest values of (dp,/dxl occur at the beginning of the -f It is speculated that this is largely a result of the effect of the strong expansion on intermittency, which in turn has a key role in the entrainment process. Unfortunately, no hot-wire measurements were made with which to substantiate this speculation. Hence it is not surprising that the boundary-layer profiles in this region show evidence of not being in equilibrium. This can be seen in figure 8 (b) , where the data show significant deviations from the classical wake function?.
t There is not sufficient experimental evidence (either high-speed or low-speed) to justify the inverted wake function for a negative value of %. Despite this fact, the values of U, computed using the scheme presented earlier are as good as could be obtained by fitting the logarithmic region alone. However, the indicated values of ff and W(y/S) were coniputed manually from the data to satisfy the edge boundary condition W ( 1 ) = 2, which showed significant deviations when the 'best fit ' procedure was followed.
The correlation of C,,, it and G with PK (figures 4(c), 5(a) and 11) shows the non-equilibrium behaviour of both the present results and the low-speed data.
In both cases the boundary-layer development was observed over a distance of approximately 50 initial boundary-layer thicknesses, and the h a 1 profile appeared close to an asymptotic state. The final velocity profile of each experiment is shown in Clauser's defect form in figure 12(d) , where the agreement is as good as previous comparisons with adverse pressure gradient data.
Conclusions
For an adiabatic wall, supersonic Mach number He Q 4, and for mild adverse pressure gradients, pK < 2, the turbulent boundary-layer velocity profiles have shown to be in good agreement with classical low-speed results when viewed in the co-ordinates suggested by Van Driest. For the pressure distribution investigated, all profiles in regions of adverse pressure gradient appear to be in local equilibrium, i.e. characterized by pK and not strongly dependent on their history.
The boundary layer, when subjected to a large negative dP,ldx, was shown to be poorly characterized by the law of the wake but was found to relax to an equilibrium-like profile after 50 initial boundary-layer thicknesses. A similar result is noted for the low-speed constant p 2: -0.5 experiment of Herring & Norbury.
The final profile of their experiment and the present experiment show good agreement in Van Driest co-ordinates.
